We study the classical solutions of three dimensional topologically massive gravity (TMG) and its higher spin generalization, in the first order formulation. The action of higher spin TMG has been proposed in [12] to be of a Chern-Simons-like form. The equations of motion are more complicated than the ones in pure higher spin AdS 3 gravity, but are still tractable. As all the solutions in higher spin gravity are automatically the solutions of higher spin TMG, we focus on other solutions. We manage to find the AdS pp-wave solutions with higher spin hair, and find that the nonvanishing higher spin fields may or may not modify the pp-wave geometry. In order to discuss the warped spacetime, we introduce the notion of special Killing vector, which is defined to be the symmetry on the frame-like fields. We reproduce various warped spacetimes of TMG in our framework, with the help of special Killing vectors. *
Introduction
Three dimensional topologically massive gravity(TMG) [1, 2] provides an interesting modification of Einstein's general relativity. Besides the EinsteinHilbert term and the cosmological constant Λ, the action of TMG theory includes also a gravitational Chern-Simons term
Unlike the usual three-dimensional pure gravity which has no local degree of freedom, there is generically a massive propagating degree of freedom in TMG. The equation of motion in TMG is a third order differential equation, involving the Cotton tensor. As a result, the usual solutions of the Einstein gravity with/without a cosmological constant, which must be of a Einstein metric, are also the solutions of the TMG theory. Moreover there are new solutions which has nonvanishing Cotton tensor [3] . For the TMG with a cosmological constant, these solutions include the spacelike, timelike, null warped spacetimes, AdS pp-wave and also regular black hole solutions. Though the full classification of the solutions of the TMG theory has not been achieved, much progress has been made in the past few years. Especially, in [4, 5, 6] , the Petrov-Segre classification of 3D TMG has been discussed carefully.
On the other hand, there has been much progress on the higher spin AdS 3 gravity in the past two years. In 3D, the higher spin gravity is simpler and could be put into a Chern-Simons form even for finite spin. In a remarkable paper [7] , the authors showed that the high spin AdS 3 gravity theory with spin up to n could be written as a Chern-Simons gravity theory with SL(n, R) × SL(n, R) gauge group.By imposing appropriate boundary condition and gauge choice, they showed that the asymptotic symmetry group of higher spin AdS 3 gravity is a classical W n symmetry with the same central charge in the pure AdS 3 gravity found in [8] . This indicates that the higher spin AdS 3 gravity is holographically dual to a conformal field theory with W n symmetry. Similar observation has been made in [9] starting from the n → ∞ theory.
Like spin-2 graviton in pure 3D gravity, the higher spin fields in AdS 3 are not dynamical neither. It is quite interesting to consider the generalization of TMG to the higher spin case. It was actually in 1988 that the ChernSimons-like coupling for spin-3 field in flat spactime has been proposed [10] , based on the gauge symmetry consideration. The similar Chern-Simons-like terms for higher spin fields in AdS 3 were suggested in [13] . The full action describing the higher spin topologically fields coupled to the AdS 3 gravity has been proposed in [11, 12] . As in usual higher spin AdS 3 gravity, it is constructed in terms of the frame-like fields. In such first order formulation, it is remarkable that the action of the higher spin topologically massive gravity could be written as a Chern-Simons-like action as well. Besides two Chern-Simons action with different levels, there is another extra term which leads to torsion-free conditions by a Lagrangian multiplier. The presence of the Lagrangian multiplier field make the gauge symmetry not manifest. Fortunately, it was shown in [12] , in the AdS 3 vacuum the gauge symmetry is reproduced and plays an essential role to relate the framelike fields to the physical fields. The analysis of linearized action of the fluctuations around the AdS 3 vacuum shows that the equations of motion of the higher spin fields are the same as the ones obtained from the Frondal fields with higher spin Chern-Simons terms [14] .
In this paper, we would like to study the classical solutions of the higher spin topological massive gravity, in the first-order formulation. In the pure higher spin AdS 3 gravity, the classical solutions asymptotic to AdS 3 has been studied carefully in [16, 17, 18] . In this case, the solutions are the gauge flat connections, under appropriate boundary conditions. 1 In the case of higher spin TMG, the equations of motion are much more involved. It makes things worse that we do not know how to impose appropriate boundary conditions for the warped spacetimes in this formulation. Therefore in this paper, we take the strategy that we do not fix any boundary condition and solve the equations of motion directly. We manage to get a class of AdS pp-wave solutions with nontrivial higher spin fields. However, it turns out to be difficult to find the warped AdS 3 spacetime with nontrivial higher spin hair. Nevertheless, we find the classical solutions of 3D TMG theory in the first-formulation, corresponding to the spacelike, timelike, null warped AdS 3 spacetimes and also spacelike warped AdS 3 blackhole. Such investigation has not been carried out in the literature. This is another motivation behind our study.
In our study, we develop the notion of special Killing vector(SKV), which is defined to be the symmetry generators acting on the frame-like fields via Lie-derivative. The special Killing vectors form a subalgebra of the isometry algebra. As SKV is also the symmetry acting on the gauge potentials, it help us to solve the equations of motion. It turns out that the first-order differential equations of motion could be transformed to a set of matrix equations with appropriate SKV ansatz, which could be solved in principle.
Another remarkable fact from our study is that there are usually many solutions corresponding to one spacetime. For example, corresponding to the same spacelike warped AdS 3 spacetime, we find a two-parameter class of the solutions in the first-order formulation. And we also find the same spacelike warped AdS 3 spacetime appearing in different metric forms, due to the exchange symmetry in the matrix equations. Furthermore, we find the non-principal embedding of SL(2, R) in SL(3, R), which leads to different warped AdS 3 vacuum with vanishing higher spin fields.
The remaining parts of the paper are organized as follows. In Sect. 2, we review the HSTMG theory and its properties. In Sect. 3, we discuss the AdS pp-wave solutions with higher spin hair, after imposing appropriate boundary conditions to ensure asymptotically being AdS 3 . In Sect. 4, we investigate the various warped AdS 3 spacetimes. We pay special attention to spacelike warped AdS 3 spacetime, though the techniques and results could be generalized to timelike, null warped cases as well. We end with some discussions in Sect. 5.
Action and symmetry
The action of higher spin topologically massive gravity in the first order formulation could be cast into a Chern-Simons-like form [12] 
where
is proportional to the Chern-Simons action and
Note that our definition of the Chern-Simons action S CS [A] is slightly different from the conventional one since we have taken out the Chern-Simons level k. There are two other parameters in our action. The parameter l is related to a negative cosmological constant Λ = −1/l 2 and is the radius of AdS vacuum. µ has the dimension of mass and it is proportional to the mass of the massive higher spin modes [12] . There is a one-form β in the last term, which imposes the torsion free condition. Without it, the action becomes the sum of two pure Chern-Simons action with different levels. The gauge field A andĀ are related to the vielbein e and spin connection ω by A = ω + e/l,Ā = ω − e/l and they take value in some suitable Lie algebra. If the gauge fields take value in SL(2, R), the above action is equivalent to the one for the topologically massive gravity. Therefore, for the general gauge group SL(n, R), the above action is a natural choice for higher spin topologically massive gravity. Actually, the study of the perturbations around AdS 3 vacuum in [12] shows that at the linearized level the action is equivalent to the one with higher spin Chern-Simons terms suggested from gauge symmetry.
Variating the action with respect to A,Ā and β correspondingly, we find the following equations of motion 2
where we have defined the two-form K andK as
The last equation (6) gives torsion-free condition for the fields of various spins and the first two equations (4) and (5) modifies the flatness condition of the gauge connections. However, to have a well-defined variation, we need to deal with the boundary terms appropriately. The variation of our action, including the boundary terms, is
(8) There are two kinds of methods to cancel the boundary terms. The first one is to add some counter-terms to cancel them, while the second one is to put suitable boundary conditions on the fields. In this paper we always assume that we can have a well defined variational principal to get the equations of motion. In other words, we regard the equations of motion as our starting point. Of course, if we are interested in the solutions that are asymptotic to AdS 3 , we require the following reasonable condition that once we are near the boundary, the extra lagrangian multiplier should be asymptotic to zero
But one should note that these cannot be the whole boundary conditions. As we have shown in [12] , for general β, the higher spin topologically massive gravity is invariant only under the infinitesimal gauge transformation
which can be interpreted as generalized local Lorentz transformation. In our case, we ignore the possible subtlety of large gauge transformation. Then the finite gauge transformation of β can be written as
2 From now on, we set l = 1.
We may use β to classify the classical solutions of the theory. The solutions of higher spin gravity with β = 0 and β = 0 are not equivalent. The reason is that once β = 0, one cannot make a gauge transformation (11) to set it to zero. At the same time, one cannot make a coordinate transformation to make it to zero since β is a coordinate invariant one-form. This distinction is important once one find a "new" solution, one can check the one-form β to see whether it is really a new solution.
Note that the point β = 0 is quite special since it is the point where the gauge symmetry is enlarged. In this case, the equations of motion show that the gauge potentials should be pure gauge, which is exactly the case in higher spin AdS 3 gravity. In other words, all the solutions in higher spin AdS 3 gravity are automatically the solutions of higher spin TMG.
In this paper, we would like to discuss the nontrivial solution with β = 0. As we are only interested in searching for the solutions, we do not impose any boundary conditions in advance. For principal embedding, once we solve the equations of motion (4-6), we may read the frame-like fields and obtain the metric and higher spin fields via the relations
and similar expressions for other higher spin fields. Our definition of the metric and higher spin fields in terms of veilbein is the same as pure higher spin gravity. The reason are:
1. The physical fields (φ µ 1 ···µs ) must be local lorentz invariant.
2. Once β → 0, we need to go back to the corresponding definition in higher spin gravity.
It is easy to show that the above definition satisfy such conditions. It is interesting to see whether such kind of constraints forces us to give the unique definition.
Higher Spin AdS pp-wave Solutions
In this section we want to discuss higher spin AdS pp-wave solutions. These solutions are much like the higher spin realization of AdS pp-wave solutions.
Since the equations of motion for µ > 1 and µ = 1 are quite different, we consider the µ > 1 case firstly. As we do not want to deform the conventional higher spin gravity much, we require
and we also assume that
Note that such requirements should be regarded as part of our ansatz in contrast to the higher spin gravity case, in which one can always choose a gauge to set the solution to obey (15) . In our case, we cannot do this gauge fixing procedure so (15) is just part of ansatz which will turn out to be consistent. Under this ansatz, one can solve the ρ+ and ρ− components of the equations of motion. The results are
and
Note that the above solutions must satisfy the constraints from the +− components of the equation of motion
To solve the above equations of motion is still quite difficult, so we further make the following ansatz
to simplify the equations of motion. If we further require that all the fields are not independent of coordinatez, and take the condition (14) into account, then for the gauge group SL(2, R) we find the solution
A − = 0;
The solution (20) plus (15) give us the metric via (12)
This is exactly the AdS pp-wave solution found in [20] 3 . Note that we have replaced z(z) with x + (x − ) to match the usual conventions of pp-wave solution. We can redefine β(x + ) to absorb the factor 1 µ 2 −1 which appears in the metric. We can do the same thing in the following.
For the gauge group SL(n, R), one kind of higher spin AdS pp-wave solutions is of the following form
Note that we have used the convention of principal embedding and the
It is straightforward to translate these solutions to the metric-like fields. For the special case n = 3, we have
for the metric field and the nonzero components of spin-3 field are
up to a normalization constant corresponding to spin-3 field. It is surprising that the metric takes the same form as AdS pp-wave solution (21) while the higher spin fields are non-vanishing at the same time! Namely, the turning-on of the higher spin hairs does not affect the the AdS pp-wave spacetime geometry. However, for more general solutions, this situation changes. We find that when β + , β − , β ρ , A − , A ρ ,Ā + ,Ā − ,Ā ρ take the same form as (22), A + have a large number of degrees of freedom. Actually, we only require that a + (z,z) is a SL(n, R) matrix function of z.
The more general solutions are
To see what happens we choose n = 3, and set a(z) = L 1 + κ 2 (z)W 3 2 . Then the metric becomes
Therefore we find that in this case the higher spin fields contribute to the AdS pp-wave geometry. For the spin-3 fields, the non-vanishing components include φ +++ , φ ++− , φ +−− . The analysis of the µ = 1 case goes parallel to the µ > 1 case. We give the final result as
where β ′ + denotes ∂ ρ β + . We can generalize this solution by using the same method from (22) to (25).
In the previous discussion, we have assumed (19) to simplify the constraints (18) . However, there are other ways to simplify those constraints. Here we just give one such way. We can assume that the matrix functions X + , X − , a + ,ā + , a − ,ā − in (16, 17) to be constants, namely, independent of any coordinates. Then the constraints (18) become
These equations are independent of the choice of gauge group. If we choose SL(2, R) and assume that
we find that there are many solutions which leads to well defined metric. For example, one kind of solution is
in which there are five undetermined parameters. The corresponding nonvanishing metric components are
Note that we have replaced
) to x −1 (y −1 ). Certainly, we may choose the gauge group to be arbitrary SL(n, R).
Warped AdS 3 spacetime
In 3D topologically massive gravity, there are other solutions besides the AdS pp-wave solutions discussed in the last section. Among them, the warped AdS 3 spacetimes are of particular interests. These spacetimes could be considered as the U(1)-fibred AdS 2 with a warping factor, so they have isometry group SL(2, R) × U (1). More interestingly, it has been conjectured that for spacelike warped AdS 3 , there exists holographically 2D CFT description under appropriate boundary conditions [15] . Therefore it would be very interesting to discuss such spacetimes in our framework.
As the warped spacetimes have much isometry, it would be nice to see if the Killing symmetry could be helpful to find the solution. In the next subsection, we will introduce the notion of special Killing symmetry. Then in the following subsections we use it to find the solutions corresponding to the warped spacetimes.
Special Killing Vector
In the usual formulation of gravity, the Killing symmetry is important to make metric ansatz to solve the Einstein's equations of motion. A suitable assumption of the symmetry of the solution always simplify the equations of motion. In the first order formulation of the gravity, it is frame-like fields which appear in the Lagrangian and the equations of motion. It would be interesting to generalize the notion of Killing symmetry to the frame-like fields. The key observation is that once
then the metric must satisfy the Killing equation 2. The set of SKV forms an algebra which is a subalgebra of the whole Killing symmetry algebra.
For arbitrary continuous coordinate transformation
In other words, SKV is coordinate independent; 4. Under a global Lorentz transformation generated by Λ, δe = [e, Λ], δ ξ e µ = 0. However, under an arbitrary local Lorentz transformation, δ ξ e µ can become nonzero.
Actually, due to the fact that Lie-derivative and differential operator are commutative, from the Cartan's equation the torsion-free spin-connection 1-form satisfies
provided that theξ is SKV. Therefore, we have
From the equations of motion, it is natural to set
The relations (35,36) are quite restrictive. We have shown that the SKV is not local Lorentz invariant. One resolution is that we only require that δ ξ e µ = 0 is valid only in some special frames. Another resolution is to change the definition of SKV to make it local Lorentz invariant. To require δ ξ g µν = 0, the constraint δ ξ e µ = 0 could be too strong. Actually, δ ξ e µ = [e µ , G(ξ)] is sufficient, where G(ξ)is an arbitrary zero-form depending on the choice of vector. One can verify easily that this modification does not change the first three properties of the SKV and moreover the concept of SKV becomes local Lorentz invariant. However, though this modification sounds attractive, it may break the argument which leads to (35) and (36). In the following discussion, we do not need to take into account of the local Lorentz invariance, so that we still use Eq. (32) as the definition of the SKV.
Timelike warped AdS 3
For the timelike warped AdS 3 , it has isometry SL(2, R) L × U (1). The generators of SL(2, R) L can be parameterized as
which satisfy the commutation relations
If we requires that the above SL(2, R) L algebra generators are the SKV's, then the gauge potentials and field β should satisfy (35,36) withξ being J i 's, we find that
where C i ,C i , B i are constant matrices. Moreover, the equations of motion (4-6) lead to a set of equations
It is interesting that these set of equations are independent of the choice of group algebra. Hence it seems that the structure under these set of equations are quite rich. Note that we have 9 unknown matrix to be determined while at the same time we have the same number of equations, hence there is potential that we have nontrivial solutions beyond warped AdS 3 solutions, though the structure may prevent us giving an explicit result. One can also observe that the equations (38) are invariant under an SL(n, R) transformation
This is related to the global Lorentz invariance of the SKVs.
For general gauge group, the above equations are hard to solve. Even for the pure gravity with gauge group SL(2, R), one has to make ansatz to simplify the equations. It is tempting to make ansatz that C i ,C i , B i are proportional to SL(2, R) generators J i respectively, namely
Here the SL(2, R) generators satisfy
The definition of J i , i = 0, 1, 2 are given in the appendix. With this set of ansatz, the gauge potential and β could be rewritten as
satisfy the identities
The field strengths are now
We further make ansatz that a 1 = a 2 ,ā 1 =ā 2 , u 1 = u 2 , then we can solve the equations and obtain
|µ − 3| µ 2 + 27 ,
From the definition of the metric,
2 ), (46) we find that
where we have introduced a parameter ν = µ 3 . This is exactly the timelike warped AdS 3 spacetime. It certainly has an isometry SL(2, R) generated by SKV's, and also another Killing symmetry as the translation along τ . Note that the U (1) Killing symmetry generated by ∂ τ is not a SKV. In a sense this symmetry is emergent from our solution.
From the equations of motion (44), it is easy to find the exchange symmetry among a 0 , a 1 , a 2 . This suggests that we may make ansatz that a 0 = a 1 etc. or a 0 = a 2 etc.. Then we can find another solutions in the former case
At first looking, the metric seems different from the one in (47). But actually both of them describe the same spacetime.
Spacelike Warped AdS 3
For the spacelike warped AdS 3 , it has isometry group SL(2, R) R × U (1). The SL(2, R) R group are generated by thẽ
And U (1) is generated byJ = ∂ φ (52)
As in the timelike case, we expect that the above SL(2, R) is the SKV of the spacelike warped AdS 3 . Then from (35,36), the possible form of gauge potentials and β are A =C 0 dφ + (sinh ρC 0 + cosh ρ(cosh φC 1 + sinh φC 2 ))dτ − (sinh φC 1 + cosh φC 2 )dρ A =C 0 dφ + (sinh ρC 0 + cosh ρ(cosh φC 1 + sinh φC 2 ))dτ − (sinh φC 1 + cosh φC 2 )dρ β =B 0 dφ + (sinh ρB 0 + cosh ρ(cosh φB 1 + sinh φB 2 ))dτ − (sinh φB 1 + cosh φB 2 )dρ whereC i ,C i ,B i are matrix-valued constants. Moreover, the equations of motion lead to the following relations
We may make ansatz thatC,C,B's are proportional to the generator J i of gauge group SL(2,R) algebra respectively, saỹ
and similar toC,B's. Then the gauge potentials and field β are of the same forms as (41), with σ 0 , σ 1 , σ 2 being
We make similar ansatz as the timelike case:ã 1 =ã 2 ,ā 1 =ā 2 ,ũ 1 =ũ 2 , then we find thatã
Then the metric is
where ν = µ 3 . As in timelike case, there exists exchange symmetry in the equations of motion, which allows us to find other forms of gauge potentials leading to the same spacelike warped AdS 3 . The details of the construction could be found in Appendix B.
More generally, allC i ,C i ,B i can be a combination of J 0 , J 1 , J 2 . First, we assume thatC i ,C i ,B i have the similar form and proportional to each other:C i = k iCi andB i = l iCi . With this ansatz, we can fix the coefficients from the equations of motion
or
They are very similar to each other, with the subscript exchanged. The solutions are consistent with the solutions got above. Let us consider the first solution without losing the generality. After taking the k i 's and l i 's into the equations, we get
We can setC j = a i j J i , then we get algebraic equations for a i j . There are only 9 unknown numbers, but the equations cannot be solved easily. If we set two of a i j are zero, then according to the equations, the other two will be zero, too. So, there are only 5 unknown numbers, which could be determined from the equations. For example, if we set a 1 0 = a 2 0 = a 0 1 = a 0 2 = 0, the solutions can be written as the following with a 1 1 being free
If we set only one of a i j to be zero, for example, we set a 0 0 = 0, the solutions have two free parameters a 1 0 and a 0 
where we have defined k =
. For the case of timelike, the solutions are similar with a change of sign. Even though there are two free parameters in the above solutions, they all lead to the same spacelike warped spacetime, as the two parameters get canceled and do not appear in the explicit form of the metric.
We have emphasized before that the matrix equations make sense for general gauge group. We may take the gauge group to be SL(3, R), whose generators include the SL(2, R) generators L 0,±1 and the other generators W ±2,±1,0 . Let us first choosẽ
Then we find the one-parameter class of solutions characterized by c −1 is
where k, q are defined as before. Then the metric are
and spin-3 fields are φ µνρ ≡ 0
There is no surprise since we just use the principal embedding of SL(2, R) into SL(3, R). On the other hand, as we know, we can choose another embedding likeC
The one-parameter class of solutions characterized by c −2 becomes
The corresponding metric becomes
This kind of non-principal embedding changes the radius of warped AdS 3 .
So we see that in the warped spacetime solution, there exist non-principal embedding as well.
Warped black hole solution
In 3D TMG theory, there exist warped black hole solutions. They are locally warped spacetimes and could be constructed by quotient identification of globally warped spacetimes. However, such quotient identification is useless in finding the solution in the Chern-Simons-like theory of TMG. Nevertheless the singular coordinate transformations between warped black holes and warped spacetime are still useful for finding the solutions. It turns out the for the spacelike stretched black holes, whose metric is
, the gauge potentials and β are respectively
Unlike the pure AdS 3 gravity, due to the shortage of the gauge symmetry, the holonomies of the gauge potential do not give the global charges of the black hole.
Null Solution
For the null warped AdS 3 , its Killing vectors are given by
One could take SL(2, R) generators N ±1 , N 0 as the SKV, then one obtain that
with A 0 , G 0 , F 0 being constant matrices. Such kind of gauge potential cannot lead to null warped AdS 3 spacetime. Certainly, it may give us some other configurations.
It turns out that we should choose U (1) × U (1) N Killing vectors N 0 and N as the SKV's. As a result, we find that the gauge potential should take the following form
are the constant matrices to be determined. To simplify our discussion, we set C − − , C − u to be vanishing and denote C u − , C u u as C − , C u respectively, then we get a set of equations from the equations of motion
The null solution turns out to be
As above, solving the equations of motion and then one finds the corresponding metric to be 5
Conclusion and Discussion
We have studied the classical solutions of topologically massive gravity and its higher spin generalization in the first-order formulation. We found the AdS pp-wave solution and its higher spin cousins, by requiring suitable asymptotic behavior of the lagrangian multiplier β. These AdS pp-wave solution can receive the higher spin modification. It would be interesting to study such kind of higher spin modified AdS pp-wave spacetime.
To find the solutions not asymptotic to AdS 3 , we just made ansatz and tried to solve the equations of motion directly without imposing any boundary condition. We introduced the notion of special Killing vector and apply it to find the solutions. We managed to rediscover the timelike, spacelike and null warped AdS 3 spacetimes, whose SKV were assumed to be SL(2, R) R , SL(2, R) L and U (1) × U (1) N respectively. It turned out that SKV are powerful enough to fix the ansatz on the gauge potentials and Lagrangian field. The equations of motion are transformed into a set of matrix equations, which could be solved in an algebraic way. It is interesting to see whether this set of matrix equations lead to spacetimes beyond warped AdS 3 . As SKV's form a subgroup of isometry group, the less strict the SKV, the more difficult to solve the matrix equations.
From our study, we also noticed that usually there are many solutions of gauge potentials, corresponding to exactly one spacetime. One class of degeneracy resides in the gauge potentials, which could be one or even twoparameter class of solutions, corresponding to the same metric. The other class of degeneracy comes from the fact that the different metrics could describe the same spacetime, where the different metrics are from the intrinsic symmetry in the matrix equations. Therefore, this poses an interesting question how to classify the gauge potentials. Notice that though there is no gauge symmetry corresponding to the diffeomorphism, there is gauge symmetry corresponding to the local Lorentz transformation, which relate different gauge potentials to each other.
Moreover, we obtained the spacelike warped AdS black hole through singular coordinate transformation in our framework. Unfortunately, due to the shortage of the gauge symmetry, the holonomy of the gauge potential does not encode the information of the black hole. It seems hard to read the global charges of the black hole from the gauge potentials. Similarly, there are many gauge potentials corresponding to the same black holes.
Another remarkable fact is that for the warped AdS 3 spacetime, there exist non-principal embedding as well. In our study, we are free to choose gauge group other than SL(2, R). We showed that in the case of SL(3, R) gauge group, it is possible to consider non-principal embedding, which leads to a spacelike warped AdS 3 with different radius. Such phenomenon happens for other warped spacetime.
There are many open questions:
• How to classify all the solutions in our framework? This question has two-fold meaning. On one side, we need to find a way to classify the gauge potentials in our framework. On the other side, we would like to know if it is possible to find all the solutions of HSTMG.
• In our study of the warped spacetimes, the final question is how to solve a set of matrix equations. In principle, the equations do not prevent us from considering the gauge groups other than SL(2, R). We have found the AdS pp-wave with nonvanishing higher spin, it would be nice to see if there exists nontrivial higher spin warped spacetime;
• It would be interesting to discuss the warped black holes with higher spin hair. In our study of warped spacetime, we started from the ansatz constrained by the SKV. This usually gives global warped spacetime. After a singular coordinate transformation, then one arrive at the corresponding black hole solution. Therefore, once we find a global warped spacetime with nonvanishing higher spin fields, it is possible to get the warped black hole with higher spin hair. Another relevant question, is that once we find the black hole solutions with higher spin hair, how to study its physical properties? It seems that we cannot define higher spin charges. This is one of the most fundamental questions hinders us in higher spin topologically massive gravity. Though at the linearized level we have shown that HSTMG makes perfect sense [12] , we do not know how to deal with it at the non-linearized level besides constructing so many classical solutions.
• We did not discuss the higher spin perturbations around the warped spacetime. It would be interesting to study this issue.
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On the other hand, we may setã 0 = iã 2 ,ā 0 = iā 2 ,ũ 0 = iũ 2 as well, which leads to 
The metric of the solution is of the form
It is also remarkable the other two warped spacetime satisfy these relations as well. For the spacetime (80), we havẽ
and for the spacetime (84), we havẽ
